Sinusoidal oscillatory flow around a circular cylinder is simulated using a two- 
Introduction
Oscillatory flow around a circular cylinder has been of significant interests in both research and engineering communities for many years due to its rich flow features and engineering relevance. The flow has been widely used to approximate wave-induced water motions around cylindrical structures in offshore engineering where structures are designed Williamson (1986) visualized the flow structures around an oscillatory cylinder in still water by means of particles on free surface at = 255. Six vortex shedding regimes were found in the range of 1 < KC < 40. Williamson (1985) found that the lift oscillations become less repeatable at large values of KC, suggesting the possibility of the co-existence of multiple vortex shedding regimes. Obasaju (1988) measured the inline and lift forces of a circular cylinder in oscillatory flow and found that the force coefficients were dependent on both KC and . Lam et al. (2010) re-visited the oscillatory flow in the range of KC = 8 ~ 36 and Re = 2400. Detailed description about migration, stretching, and splitting of vortices around the cylinder was given.
Extensive numerical simulations have been undertaken to investigate oscillatory flow around a circular cylinder during the last three decades. Most of the numerical studies conducted so far are two-dimensional (Justesen 1991 , Lin et al 1996 , Saghafian et al. 2003 .
Detailed discussion about the force coefficients, flow structures, pressure distribution and time histories of forces were given by Justesen (1991) in the range of 0.1 < KC < 26 and = 196, 483 and 1035. Justesen (1991) also compared the numerical results of drag and inertia coefficients (CD and CM) with the experimental data of Obasaju (1988) . It was found that the numerical model tended to under-predict CD and CM slightly in the range of 1 < KC < 12 ( = 196) . A good comparison was found for CD in the range of 12 < KC < 26, but CM was also under-predicted in this range. Saghafian et al. (2003) simulated oscillatory flow at high numbers ( = 1035 and 11240) by solving 2D Reynolds-Averaged Navier-Stokes (RANS) equations with a high order k-turbulent model. It was shown that the calculated drag and inertia coefficients agree with the experimental data reasonably well.
With the rapid increase of computational power in recent years, a number of 3D numerical simulations have been carried out to investigate oscillatory flow around a circular cylinder. Much improved understanding of flow mechanisms has been achieved through the 3D simulations. For examples, Honji instability (Honji 1981) was numerically captured by Zhang and Dalton (1999) and An et al. (2011) . Elston et al. (2006) simulated oscillatory flow in the range of KC = 0 ~ 10, = 0 ~ 100 and investigated the primary and secondary instabilities of oscillatory flow around a circular cylinder. It was found that the primary instability of the oscillatory flow is 3D (Honji instability) for 50 < < 100, which could not be captured by 2D models. Zhao and Cheng (2011) carried out a number of 3D simulations of oscillatory flow around an inclined cylinder in the range of KC = 6.75 ~ 30 and a constant Re number of 2000. It was found the hydrodynamic forces follow the cosine law for flow incidence angle up to 45 o .
Although 3D simulations of various fluid flow problems have increased significantly in recent years due to the rapid increase in computing power, 2D simulations are still widely used in engineering applications and will remain so for a period of time. This is mainly because of the low computational costs and quick turnover times of 2D runs. This is especially important in front engineering phase when project schedules are tight. In order to use 2D models with confidence, it is necessary to evaluate computational errors induced by 2D simulations. So far such an evaluation is unavailable for oscillatory flow around a circular cylinder, to the best knowledge of the authors. The present study is motivated primarily by this issue.
In this study, sinusoidal oscillatory flow past a circular cylinder is investigated using both 2D and 3D models at Re number of 2000 and KC number of 1, 2, 5, 10, 17.5, 20 and 26.2. The
Petrov-Galerkin finite element method is used to solve the NS equations in this study.
Numerical method
In both 2D and 3D numerical models, Navier-Stokes equations are solved by the PetrovGalerkin finite element method (PG-FEM) developed by Brooks and Hughes (1982) . A definition sketch of 2D oscillatory flow around a circular cylinder is shown in Figure 2 (a). A Cartesian coordinate system is fixed at the centre of the circular cylinder and y-axis is perpendicular to the oscillatory flow direction. The oscillatory flow is governed by NavierStokes equations given as:
where ui represents velocity component in the xi-direction, Non-slip boundary condition is given on surface of the cylinder. On the inlet boundary, velocity is specified as:
where the free stream velocity is given as:
Free slip boundary condition is implemented on top and bottom boundaries. At the outflow boundary, the pressure is set to be zero. At the two ends of the cylinder, periodic boundary condition is applied.
Petrov-Galerkin finite element method is employed for discretizing the Navier-Stokes equations. In the Petrov-Galerkin formulation the standard Galerkin weighting functions are modified by adding a streamline upwind perturbation, which acts only in the flow direction (Brooks and Hughes 1982) . This FEM model has been demonstrated to be well suited to simulate three-dimensional flow around a circular cylinder and Yang et al. 2014 . A constant Re value of 2000 is used in all the numerical simulation. The NS equations are solved directly (DNS) to simulate the oscillatory flow around the cylinder considering the relatively low Re number condition and no turbulence model is applied in the simulations. A Fortran language code developed by Zhao et al. (2011) is used to simulate the flows.
A rectangular computational domain of 60D in length and 40D in width is used for simulating the oscillatory flow. Figure 3 shows a typical 2D finite element mesh near the cylinder. Structured four-node quadrilateral elements are used to discretize the domain. The cylinder perimeter is discretized by 80 nodes. In order to determine the appropriate mesh density, the mesh dependency in the x-y plane is examined first. Three two-dimensional meshes in the x-y plane are examined and the mesh properties are listed in table 1. The minimum element size in the radial direction next to the cylinder surface (∆1) is 0.001D. Such a value of ∆1 results in the non-dimensional mesh size y + smaller than 1 for all the flow simulated in the present study. The y + is defined as / 1 f u y , where uf is the friction velocity. The same ∆1 value was used for the three meshes. The cylinder surface was discretised with 60, 80 and 100 uniform elements for the three meshes, respectively. The nondimensional computational time step size is ∆t = 0.001.
In the mesh dependency test, a flow with KC = 10 was used. The phase averaged (over 10T) pressure coefficient (Cp) on the cylinder surface at peak velocity ( /2, is the phase angle of the oscillatory flow) is examined as shown in Figure 4 (a). The definition of angle is given in Figure 2 (a). It can be seen maximum difference of pressure coefficient between mesh1 and mesh2 is about 7%. The difference of Cp between mesh 2 and mesh3 is less than 2%, although the total element number in mesh3 is 25% more than that in mesh2. Therefore the mesh2 was selected to carry out three-dimensional mesh dependency.
Figure 2 (b) shows a definition sketch of the 3D coordinate system and computational domain. The 2D mesh is replicated along the spanwise direction to generate the 3D mesh. In the three-dimensional mesh dependency study, only the spanwise density was examined and the mesh density in the x-y plane remained the same as mesh2 in the 2D dependency test.
Three spanwise mesh sizes (0.05D, 0.1D and 0.15D) are examined and the span length of the cylinder is set at 19.6D at KC = 10. The pressure coefficient distribution along the cylinder surface is plotted in Figure 4 (b). The two-dimensional result with mesh2 is also plotted for a reference. The simulated results show a good convergence trend. There is a 50% increase of finite element number from mesh 5 to mesh 6, but the simulation results show very minor difference in term of pressure distribution and main flow structure around the cylinder. Due to the main purpose of this work was to compare the hydrodynamic force from 2D and 3D
simulations, mesh 5 was used for three-dimensional simulation of other KC numbers in this study to save computational time.
It can be seen from Figure 4 (b) that all the four meshes give pretty close pressure coefficient on the upstream surface (0°< < 90° and 270°< < 360°). For the downstream surface (90°< < 270°), the difference between the 2D and 3D results is much more obvious. This is because the 3D behaviour of the flow structure on the upstream side surface is relatively weak in this case. Therefore, even the two-dimensional model can capture the upstream pressure distribution with high accuracy. However the downstream flow has much stronger three-dimensional features than that at upstream. As an example, the mesh5 results (spanwise vorticity iso-surfaces, z = ±5) at t/T = 10.25 are shown in Figure 5 .
Two different spanwise dimensions were used in this study for different KC numbers. At relative low KC numbers (KC = 1, 2 and 5), the length of the cylinder is chosen as 8×D based on the observations that the wave length of periodic 3D flow structures along the spanwise direction are approximately 0.5×D to 1×D at relatively low KC number (Honji 1981 and Sarpkaya 1986) . A shorter spanwise size has been used in numerical simulation for similar flow conditions Yang et al. 2014) . 8×D is sufficient for KC = 1 and 2. KC = 5 is the transition between the symmetric attached vortex pair regime and the one-pair shedding regime (Williamson 1985 and Obasaju et al. 1988 Obasaju et al. 1988 ). This span length has been used by Zhao et al. (2011) to investigate inclined oscillatory flow around a circular cylinder and has been demonstrated to be sufficient to capture the spanwise direction flow structures.
Numerical results
In this work, a 2D and a 3D finite element models are used to simulate oscillatory flow past a 
KC = 1
For KC = 1 and Re = 2000, 3D instability of flow around the cylinder is found. Figure 6 shows the vorticity iso-surfaces of x = ± 0.5, y = ± 0.5 and z = ± 0.5 at the instant of t/T = 30.25 ( = 0.5 ), which corresponds to the maximum free stream velocity. The vorticity components are defined as x = ∂w/∂y − ∂v/∂z, y = ∂u/∂z − ∂w/∂x and z =∂v/∂x − ∂u/∂y. It is observed that regular 3D rid-shaped vortex tubes are distributed along the span-wise direction of the cylinder, which is a typical feature of Honji vortices (Honji 1981) . More detailed description about the flow regime can be found in An et al. (2013) . The primary aim here is to compare the 2D and 3D simulations.
The amplitudes of x y and z are 2.5, 1.5 and 202, respectively. The peak value of the vorticity happens in the flow boundary layer on the cylinder surface (within the first layer of mesh elements next to the cylinder surface). The amplitudes of x and y are much lower than that of z, indicating the three-dimensionality of this case is weak. A comparison of the flow structure in the x-y plane is given in Figure 7 . It is found that the 3D result shows slight asymmetry with respect to the x-axis, while the 2D result is symmetric. The peak value of z in the 2D simulation is 190, which is very close to the value observed in the 3D simulation.
The inline and lift forces at a section of the cylinder are calculated by integrating the pressure and shear stress over the circumference of the cylinder. The non-dimensional sectional
and ) (z F y are hydrodynamic force components in the x-and y-axis directions, respectively. As the amplitude of x and y are much lower than that of z, the variation of inline forces along span-wise direction is negligibly small. Figure 8 shows a comparison of inline forces calculated by 2D and 3D models. Good agreement between the results calculated by the twomodels is found. It is also obvious that Cx is in phase with flow acceleration, indicating an inertia dominated condition in this case. The asymmetric vortex structures shown in Figure 7 (a) lead to non-zero lift force Cy, but with an amplitude three orders lower than that of inline forces Cx. Zero lift force is detected in the 2D simulation due to the symmetric vortex structures. In general, the 2D model captures the main feature of the flow structure and the hydrodynamic forces captured from the 2D and 3D models match each other well.
KC = 2
Strong 3D features are observed in the 3D simulation with KC = 2 and Re = 2000. Figure 9 shows the vorticity iso-surfaces of x = ± 2, y = ± 2 and z = ± 2 at KC = 2 at t/T = 20.25 ( = 0.5 ). In Figure 9 regime. This is in agreement with the experimental observation by Sarpkaya (1986) . According to Sarpkaya (1986) , the critical number for turbulent flow is about 600 at KC = 2.
The middle section flow structures are examined and the vorticity ( z) contours are plotted in Figure 10 
KC = 5
KC = 5 is in the transition from a non-shedding flow pattern (two attached vortices around the cylinder) to one-pair shedding regime (Williamson 1985) . Lam and Dai (2002) investigated the formation of a vortex street at relatively low KC conditions (KC = 4.25 and 6.28, Re = 5500 and 5900, respectively). Lam and Dai (2002) reported that the flow was mainly symmetric at KC = 4.25 and the flow contains two modes at KC = 6.28, switching between symmetric and asymmetric patterns. There has been much study about the flow structure visualization in a plane perpendicular to the cylinder, but very little information has been reported about the spanwise flow structure. It is expected that the present work will improve the understanding about the spanwise flow structure at this flow regime. Figure 12 shows the vorticity iso-surfaces of x = ± 2, y = ± 2 and z = ± 2 for KC = 5 at the instant of t/T = 20.25 ( = 0.5 ). Strong chaotic vortex structures are observed. The intensity of vorticity in the three directions is at the same level. The vortices are obviously asymmetric with respect to the x-axis. The vortices are swept around the cylinder by the oscillatory flow but no vortex shedding happens. These features are also found in the 2D results, except for the small-scale vortices due to three-dimensionality, as shown in Figure 13 The inline force shows strong periodicity and weak variation along the spanwise direction.
The sectional (z = 0), span-averaged and the 2D inline forces are plotted in Figure 15 (a). The
Cx at section z = 0 and the span-averaged Cx have minor difference, while the amplitude of Cx from 2D modelling are about 10% higher than that of the 3D results.
The asymmetric vortices on the top and bottom sides of the cylinder (Figure 13 ) lead to non-zero lift force. The 2D lift force is plotted in Figure 15 (b), which shows a strong secondary oscillation, with a secondary period of 25T. The secondary oscillation behaviour is induced by the un-coupling of vortex forming around the cylinder and flow oscillation, which has been reported by Dűtsch et al., 1998 , Uzunoglu et al. 2001 , Elston et al. 2006 and Duclercq et al. 2011 . The secondary oscillation corresponds to a regular switching of the vortices from a spatial configuration to its mirror image with respect to the x-axis. This phenomenon is especially obvious for low Re number condition. A detailed study about the quasi-periodic vortex shedding at KC = 4.7 and Re = 188 (Elston et al. 2006 ). The 3D model also captures certain quasi-periodic feature in the lift force time history. The sectional lift force (z = 0) from the 3D model is plotted in Figure 15 (c). It shows irregular undulations and intermittent switching behaviour, rather than oscillation with a regular secondary period. This is mainly due to the strong three-dimensionality of the oscillatory flow as shown in Figure 12 The evolution process of the distribution of lift force along the spanwise direction of the cylinder is presented in Figure 18 . 3D flow structures emerge in the 9 th period and the threedimensionality increases gradually. After the 11 th period, strong variation of lift force along spanwise direction is found. The strong three-dimensionality of flow is clearly evident in Figure 12 . Figure 18 show the lift force varies significantly along spanwise direction. The lift forces at two different z locations are in opposite signs sometimes. Consequently the spanwise averaged lift force has a much lower amplitude compared with the 2D simulation results.
Clearly the 2D model is not suitable to simulate this flow condition due to the strong 3D nature of the flow at KC = 5.
KC = 10
The case of KC = 10 investigated in the present study corresponds to a flow regime with a transverse vortex street described by Williamson (1985) . is also examined for this case as plotted in Figure 20 (b). It shows that ( z_max) is in the range of 55 to 160. The fluctuation of z_max is in phase with the free field velocity. The peak vorticity simulated using the 2D and 3D model agree with each other very well. This is mainly because the peak of vorticity always happens in the upstream boundary layer on the cylinder surface, where relatively low three-dimensionality is observed. Figure 21 shows the sectional (z = 0), span-averaged and 2D results of Cx and Cy, together with the experimental data from Obasaju et al. (1988) . It is found that Cx and Cy in two succeeding half-periods have different peak values. This is because the two vortices that are shed in one period have different strengths. The 2D and 3D models give nearly identical hydrodynamic force results. There is an obvious difference between present numerical predicted drag force and the experimental data (Figure 21 (a) ), but the lift force shows very good agreement with the experiment as shown in Figure 21 (b). The horizontal force on the cylinder was strongly dependent on the pressure difference between upstream and downstream of the cylinder, while the lift force was mainly governed by the pressure difference between the top and the bottom of the cylinder. The comparison shown in Figure 21 indicates that the numerical models capture the pressure difference between the top and the bottom of the cylinder better than the upstream-downstream pressure different in this particular flow condition. However this point could not be examined directly as no hydrodynamic pressure information in Obasaju et al. (1988) . This discrepancy was also partially attributed to the Reynolds effect, although the Re number of this case was not given in Obasaju et al. (1988) . Figure 22 shows the evolution process of the lift force along the spanwise direction of the cylinder. The variation of the lift force along the spanwise direction in Figure 22 are much weaker than that at KC=5 shown in Figure 18 . Obasaju et al. (1988) measured the correlation coefficient of lift force on a circular cylinder in oscillatory flow. A correlation coefficient close to 1.0 was found at KC = 10, indicating weak 3D effect. The distribution of lift force shown in Figure 22 agrees with the experimental finding of Obasaju et al. (1988) . Obasaju et al. (1988) also reported that the vortex shedding pattern could transit to its mirror-image pattern only when the flow was restarted or strong perturbation was applied.
KC = 17.5
The flow condition under the range of 16 < KC < 24 was classified as double-pair regime (Williamson 1985 and Obasaju et al., 1988) . In this flow regime, two pairs of vortices are shed from the cylinder and convected away from the cylinder in the diagonal directions. Figure 23 shows a comparison of z between the results from the 2D and 3D models. Once again the 2D model captures the main feature of the flow structure well. The inline and lift results predicted by the two models also compares well as shown in Figure 24 . The sectional lift force has strong correlation along the spanwise direction. It is also observed in Figure 24 that the lift force in the first and second half of flow period is asymmetric. This is mainly because of the vortices mainly convect away in the diagonal direction. As shown in Figure 23 , in the second half of a flow period, the two vortices shed from the cylinder form a vortex pair and move to the top left direction. The vortex pair leads to a local pressure reduction on the top side of the cylinder and consequently a strong positive peak was observed at t/T = 0.75. In the next half of the flow period, another vortex pair will move to the bottom right direction and cause a strong peak in the negative y-direction.
KC = 20
KC = 20 is found to be close to the critical KC number between double-pair and three-pair vortex shedding regimes (Williamson 1985) . Present numerical models show that the flow changes between the two-pair and three-pair vortex shedding regime intermittently, but it is dominated by the two-pair regime in most of the time. The frequency of lift force increases with the number of vortices shed from the cylinder in each flow period. The features described above are captured by both the 2D and 3D models.
The vortex shedding at two different spanwise locations can happen in different phase angle, although they are both in the two-pair vortex shedding regime. Figure 26 The inline forces at the two locations are slightly different from each other. The anti-phase vortex shedding flows at two locations can only be captured by 3D numerical modelling.
Another phase change phenomenon is that after certain period of time, vortex shedding flow may changes to its anti-phase pattern. This shift in the vortex shedding pattern temporally is found both in the 2D and 3D numerical results.
The evolution of lift force along the spanwise direction is shown in Figure 27 The time histories of inline and lift forces calculated using the 2D model are plotted in Figure 28 , in which, mode 1 stands for the two-pair flow regime, mode 2 is the anti-phase (mirror image) pattern of mode 1. Mode 3 stands for the three-pair regime. Obasaju et al. (1988) demonstrated that the three modes co-exist physically at this KC number. Due to the coexisting of the three flow modes, the mode-average method developed by Obasaju et al. (1988) is used here to separate the flow modes from each other. In this method, the flow periods with the same vortex shedding mode are summarized together for calculating the averaged hydrodynamic force. The mode-averaged forces are compared with each other in Figure 29 .
The 2D and 3D results of the mode-averaged force coefficient generally agree with each other (Figure 29 although it is neither captured in present numerical simulation, nor reported in the physical experiments by Obasaju et al. (1988) .
KC = 26.2
The results of KC = 26.2 are presented here as a typical case in the three-pair vortex shedding regime. The flow structure along the spanwise direction shows a relatively strong correlation. Three pairs of vortices are shed from the cylinder in each flow period and mainly propagate along the flow oscillating direction. Detailed description of flow structure in this regime has been given in Williamson (1985) , Obasaju et al. (1988) and Lam et al (2010) . No numerical simulation data about flow structure is given here. The hydrodynamic forces predicted by the two models show good agreement as shown in Figure 30 . The time history of hydrodynamic forces from the experimental work published by Obasaju et al. (1988) are also plotted as a reference and the numerical results match the experimental data well.
Force coefficients
In the above sections, the flow structures and force time histories calculated using the 2D model are compared with the results using the 3D model. In this section, the Morison coefficients derived from the 2D and 3D simulations are compared quantitatively. The drag coefficient (CD) and inertia coefficient (CM) are calculated based on the Morison equation as:
The least-square method is used to calculate the values of CD and CM. The predicted force coefficients from the numerical models are compared with published experimental data first. It has been known the force coefficients are sensitive to both Re and KC. Therefore it is important to match both Re and KC between the numerical and experimental conditions to achieve a valid comparison. A comparison of Morison coefficients between the 2D, 3D numerical model and experimental data is given in Figure 31 . The corresponding experimental flow conditions were (KC, Re) = (1, 2070), (2, 1380), (5, 2415), (10, 1960), (17.5, 1907.5), (20, 2180), (26.2, 2855.8) . KC = 1 and 2 are selected from Sarpkaya (1986) and the other five KC numbers are from Obasaju et al. (1988) . These conditions were selected because they are the closest to the numerical simulation conditions among the available published experimental data.
It can be seen both the CD and CM values follow the trend observed in the experimental data closely. For KC 10, the CD values from present work are slightly lower than the referred experimental data and the CM values agree with the experimental data well. In most of the case, the 2D and 3D model give very similar force coefficients. When there is an obvious different between 2D and 3D numerical results (KC = 5), the force coefficients from the 3D model are in better agreement with the experiments.
The 2D and 3D model results about drag and inertia coefficient are listed in Table 2 together the maximum and root-mean-square values of lift force (Cymax and Cyrms). The difference between of force coefficients from the 2D and 3D models are further analysed. The difference between the 2D and 3D results of CM is defined as
The difference of other coefficients is defined in the same way. For KC = 1 and 2, the inertia coefficients are predicted very well by the 2D model. The relative difference is just 0.2% and 2%, respectively. At low KC numbers, the inline force is dominated by the inertia force component, so the inline forces calculated using the 2D and 3D models agree with each other very well. However the drag coefficients predicted by the 2D model shows obvious difference from the 3D results ( = 8.79% and 12.95%, respectively) at KC = 1 and 2, indicating the three-dimensionality of the flow has significant effect on the drag forces acting on the cylinder.
The 3D flow around the cylinder leads to oscillatory lift forces at KC = 1 and 2, however the amplitudes are negligibly smaller than that of the corresponding inline force.
The strongest three-dimensionality of oscillatory flow occurs at KC = 5. The 2D model is not able to predict the force coefficients accurately. As shown in Table 1 The comparison between the 2D and 3D results of force coefficients shows that the 2D model tends to under-predict CM by maximally 9.71% at KC = 20 and tends to over-predict the CD by maximally 17.97% at KC = 5 for the cases simulated in present study. At low KC values (1 and 2), the flow structures simulated using the 2D model are symmetric and leads to zero lift force, but the flow structures are asymmetric with respect to the x-axis and generated non zero lift force in 3D model. This the large discrepancy of lift coefficients predicted by the two models. For larger KC values ( 10), the difference between lift coefficients is much smaller.
There is a good agreement of peak vorticity modelled by the 2D and 3D model since the peak vorticity normally appear at the boundary layer on the cylinder surface before reaching the separation point. There is obvious difference in term of detailed vortex locations between the 2D and 3D model results. (10, 1960), (17.5, 1907.5), (20, 2180), (26.2, 2855.8) , KC = 1 and 2 were from Sarpkaya (1986) and the other five KC numbers are from Obasaju et al. (1988)) 
